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            Abstract 
 Global warming has motivated the aeronautical industry to develop new technologies that will 
reduce polluting emissions. A direct way to achieve this goal is to reduce fuel consumption. Reference 
trajectory optimization contributes to this goal by guiding aircraft to zones where meteorological 
conditions are favorable to execute their required missions and thereby to reduce fl ight costs. In 
this article, the reference trajectory was optimized in terms of geographical position, altitude, and 
speed, by taking into account a Required Time of Arrival (RTA) constraint and weather conditions. 
The algorithm assumes that there is no tra�  c and that the aircraft can fl y anywhere in the search 
space. The search space was modeled in the form of a unidirectional weighted graph, fuel burn was 
computed using a numerical model, and the weather forecast was taken into account. The method-
ology utilized in this article to determine the most economical combinations of parameters that 
delivered the optimal trajectory was inspired by the Particle Swarm Optimization (PSO) algorithm. 
Results showed that the algorithm provided acceptable solutions under tra�  c management 
constraints. It was observed that the developed algorithm was able to save up to 9.1% (6,800 kg) 
of fuel burn when there was no RTA constraint for fl ight trajectories and up to 1.8% (600 kg) of fuel 
against real, as-fl own trajectories with an RTA constraint of ±30 seconds. Because of the nature of 
the PSO Algorithm, the local best trajectories are extracted and provided as a Trajectory Option Set 
(TOS), which is similar in cost as the optimal trajectory.  

  This article is part of a Special Issue on Innovations for Sustainable Aviation.    

  © 2020 Alejandro Murrieta-Mendoza, Hugo Ruiz, Ruxandra Mihaela Botez, Sonya Kessaci. Published by SAE International. This Open 
Access article is published under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/4.0/), which permits distribution, and reproduction in any medium, provided that the original author(s) and the source are credited.  
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          Introduction 

 Global warming has become paramount to many di� erent organizations due to 
its severe impact on the environment. � e use of fossil fuels has been identi� ed 
as a signi� cant cause of global warming due to their polluting particles released 

when these fuels are burned. � ese particles include, among others, carbon dioxide 
(CO 2 ), nitrogen oxides (NOx), hydrocarbons, and sulfur. Not all of these particles cause 
global warming; some of them lead to other harmful e� ects such as NOx and ozone-layer 
depletion, sulfur could damage vegetation and have a direct negative impact on human 
health such as the case of hydrocarbons and sulfur [ 1 ,  2 ]. 

 � e global tendency, therefore, is to reduce the quantity of fuel required to execute 
a given task. � is tendency has not been gone unnoticed in the aeronautical industry, 
as burning fuel is necessary to power � ights. � e aeronautical industry has set itself 
multiple environmental goals. A� er having achieved signi� cant reductions in NOx, the 
aeronautical industry is actively working to meet its goal of reducing CO 2  emissions by 
2050 to 50% of those recorded in 2005 [ 3 ,  4 ], a direct way to reduce emissions as regards 
to reducing the fuel quantity required for the aircra�  to � y a given distance. Requirements 
for CO 2  levels reduction have already begun to change the conventional wind patterns, 
making some round-trips longer and, thus, more expensive, as evaluated in [ 5 ]. 

 Several technologies such as engine improvements, state-of-the-art aerodynamics, 
and weight reduction, as well as the use of alternative fuels such as biofuels, have been 
successfully implemented to reduce polluting emissions. � ese technologies are becoming 
more and more available on new aircra� ; they can also be implemented in older aircra�  
but would require costly structural modi� cations. However, because the new generation 
of aircra�  by itself will not be able to attain the pollution reduction goals [ 6 ], more 
alternatives are required. 

 However, simple operational procedures, such as engine washing, reduction of the 
APU use, gate electrical power, and assisted taxiing, among others, could have an impact 
on fuel consumption reduction [ 7 ]. Improving tra�  c e�  ciency is also a way to reduce 
fuel burn by allowing aircraft to minimize the time spent on the ground with 
engines functioning. 

 � e most fuel burn porting occurs when an aircra�  is airborne. Improving the 
reference trajectory for descents has been proven to reduce fuel burn and emissions. � is 
reduction was attained by following the procedure called Continuous Descent Approach 
(CDA) [ 8 ]. Under this concept, an aircra�  descends with engines in IDLE. Reducing 
fuel consumption during the descent phase is especially worthwhile, as it reduces the 
amount of released polluting particles near populated areas. Algorithms suggesting the 
optimal aircra�  sequencing to merge to the runway following the CDA, and ful� lling 
the RTA constraint were developed in [ 9 ,  10 ]. Certain procedures, such as the missed 
approach, should be avoided as much as possible because they lead to the release of higher 
quantities of pollution close to heavily populated areas [ 11 ,  12 ]. 

 While descent is a relevant phase for long-haul � ights in terms of fuel burn, for this 
type of � ight, the cruise is the phase that requires the most fuel burn. � erefore, besides 
making the aircra�  � ight at its optimal altitude and speeds, guiding aircra�  to places 
in the atmosphere where weather patterns and conditions are favorable for the aircra�  
enables the opportunity to obtain noticeable fuel reductions. However, di� erent studies 
in the United States and Turkey have shown that aircra�  do not do this as they � y at 
their optimal speeds and altitudes [ 13 ,  14 ,  15 ]. � is situation can be attributed to tra�  c, 
airline policies, and/or a lack of tra�  c management capabilities. 

 Before takeo� , each aircra�  should deliver a � ight plan to the Air Tra�  c Management 
(ATM) so that the required � ight preparations are considered to accommodate it. Once 
an aircra�  is in the air, Air Tra�  c Control (ATC) is responsible for � ight safety by 
guaranteeing enough separation between aircra� . Any changes in the � ight plan required 
by the crew should be authorized by the ATC. � ese changes include, among others, 
any change of altitude, change of heading, change of airport, etc. [ 16 ]. 

 � e � ight plan consists of a set of waypoints using the earth as reference (ground 
track or lateral reference trajectory) that an aircra�  should follow from the initial to the 
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destination airport. Each waypoint should be attained by the aircra�  at a certain speed 
and altitude (vertical reference trajectory). � us reference trajectory optimization 
consists mostly of delivering the most economical f light plan (either before or 
while airborne). 

 � ese conventional trajectories have been optimized in the literature using di� erent 
algorithms. Lidén, one of the pioneers of trajectory optimization, studied � ight trajec-
tory optimization [ 17 ] and the winds’ e� ects on their � ight cost [ 18 ]. Singular optimal 
control was applied in [ 19 ] to � nd the constant altitude, the speed variation, and the 
throttle setting that minimized fuel burn. Rosenow et al. [ 20 ] developed an algorithm 
that optimized the lateral reference trajectory (LNAV) following a series of waypoints. 
Dhief et al. [ 21 ] have evaluated two di� erent algorithms that are able to generate optimal 
con� ict-free trajectories over the North Atlantic airspace, intending to propose an 
alternative to the organized tracking system. � e most economical constant altitude for 
the cruise phase using a fuel burn estimator was determined using the algorithm devel-
oped in [ 22 ]. Algorithms following ATC-desired � ight trajectory constraints, such as 
constant segment altitudes and constant speed, have also been developed: Based on 
heuristics and parametric optimization, an algorithm was developed to study the e� ects 
of restricting the altitudes and speeds to discrete values [ 23 ]. In another algorithm, the 
most economical altitude for a short � ight was computed using the Golden-Section 
Search algorithm, and an exhaustive search was implemented to � nd the most economical 
waypoints needed to change altitudes during cruise [ 24 ]. A beam search algorithm was 
implemented in [ 25 ] to � nd the most economical combination of speeds and altitudes 
as a means to reduce the � ight cost. � is algorithm was improved in [ 26 ] by adding a 
search space reduction technique and combined the beam search method, providing 
optimal or really good suboptimal solutions in a fraction of the time [ 27 ]. Using a 
precomputed Mach number database, Dijkstra’s algorithm was used to � nd the most 
convenient waypoints to execute a step climb [ 28 ]. Sidibe and Botez [ 29 ] proposed a 
dynamic programming algorithm to compute the optimal vertical reference trajectory 
(VNAV), while Genetic Algorithms (GAs) have been used in [ 30 ] to � nd the most 
economical waypoints to execute step climbs. 

 However, as airspace is reaching its operational limits, ATM is improving airspace 
� exibility to allow what is called  Trajectory-Based Operations . Under this concept, the 
aircra�  would be free to � y on any trajectory within the airspace while in negotiation 
with ATC and other aircraft. This is of special interest to the Federal Aviation 
Administration under the NextGen concept [ 31 ] and for the Single European Sky ATM 
Research (SESAR)  initiative in Europe.  1   � is operation allows the possibility of opti-
mizing in three-dimensional (3D) (LNAV and VNAV) without having to follow a 
prede� ned � ight plan, thus taking contrail formation into account. Contrails are water 
vapor formed under speci� c weather circumstances due to the engines’ exhaust tempera-
ture. It is supposed that contrails may be more harmful than CO 2 ; however, more studies 
are required to con� rm it. Mixed-Integer Optimal Control has been implemented to 
optimize an aircra� ’s reference trajectory by avoiding contrail formation [ 32 ,  33 ,  34 ,  35 ]. 
Avoiding contrail formation zones might have the drawback that fuel consumption could 
increase as those zones could be more fuel e�  cient. 

 Other algorithms searching for favorable wind conditions to reduce fuel burn at a 
� xed altitude have been developed using Dijkstra’s algorithm [ 36 ], A* [ 37 ], Floyd-Warshall 
[ 38 ], GAs [ 39 ], Arti� cial Bee Colony (ABC) [ 40 ], and Arti� cial Ant Colony (ACO) [ 41 ]. 
An algorithm used for a general aircra�  to avoid obstacles was implemented in [ 42 ]. Ng 
et al. determined the ground track and then the VNAV under the in� uence of winds in 
[ 43 ]. GAs were also implemented to � nd the 3D optimal trajectory by taking into account 
climb, cruise, and descent phases [ 44 ]. � ese algorithms were later improved to allow 
changes in Mach number to increase fuel savings [ 45 ]. Dijkstra’s algorithm was also 
useful in determining the most economical combination of waypoints under the free-
� ight concept [ 46 ]. 

1  https://www.sesarju.eu/news/sesar-ju-con� rms-bene� ts-collaborative-trajectory-based-operations 
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 It is expected that Unmanned Aerial Vehicles (UAVs) will be able to � y in the airspace 
during the forthcoming years. Research has also been done on UAVs, as shown in the 
case described in [ 47 ]; the Dead Reckoning and Kalman � lter were used for the UAV 
trajectory tracking. � e optimization of UAVs formation has also been of interest for 
di� erent applications [ 48 ,  49 ]. 

 � e future ATM/ATC will require aircra�  to arrive at a certain waypoint at a given 
time. � is constraint is called the Required Time of Arrival (RTA), or 4D trajectory 
optimization algorithm. To solve it, one of the � rst algorithms was proposed by Lidén 
[ 50 ]. � en using dynamic programming-based optimization algorithms were proposed 
[ 51 ,  52 ]. � e state-of-the-art literature uses metaheuristic algorithms. � e ACO was used 
[ 53 ] to � nd the most economical combinations of Mach numbers that ful� ll the RTA 
constraint. � e ABC was used in [ 54 ] to � nd the most economical combination of 
waypoints in the VNAV, as well as the most economical combination of Mach numbers 
that ful� ll the RTA constraint. Dai et al. [ 55 ] solved the 4D trajectory optimization 
problem by using simulated annealing while solving aircra�  con� icts. Another aspect 
of the 4D trajectory optimization research consists of developing systems able to manage 
the negotiations between various aircra�  [ 56 ,  57 ,  58 ]. 

 � e contribution of this paper is the development of an algorithm using the meta-
heuristic Particle Swarm Optimization (PSO) technique that � nds the most economical 
trajectory while ful� lling the RTA constraint for a long-haul � ight by taking into 
account weather information. � is article as well aims to evaluate the potential fuel 
savings of the algorithm. � e previous version of this algorithm was presented in [ 59 ] 
and [ 60 ], however, those were preliminary results that only evaluated the feasibility of 
the algorithm in reduced dimensions as only RTA and only VNAV and LNAV. � e PSO 
was selected because it provides very good solutions to a large search space [ 61 ], as is 
the case in the reference trajectory optimization problem, it also consists of evaluating 
di� erent solutions instead of solving mathematical equations such as in control-oriented 
algorithms or gradient-oriented algorithms. � is algorithm has not yet been explored 
in the literature for the 4D commercial aircra�  reference trajectory optimization 
problem under basic air tra�  c constraints such as constant altitude and constant Mach 
number segments. An additional advantage of using the PSO algorithm is that, due to 
its nature, it can provide Trajectory Option Sets (TOSs); the TOSs are the suboptimal 
trajectories developed by the PSO algorithm while solving for the optimal trajectory. 
TOSs have been of interest, as they are suboptimal trajectories that the aircra�  could 
follow in case of disruption on its current optimal trajectory [ 62 ,  63 ]. � e lateral and 
the vertical trajectories are obtained simultaneously by the algorithm instead of 
obtaining � rstly the lateral trajectory and then the vertical trajectory. � e developed 
algorithm does not take into account all aspects of operations. For example, it assumes 
that the airspace is free of tra�  c and that all the decisions such as changes of altitude 
or changes of heading are allowed, the aircra�  is able to � y within all the airspace. � is 
algorithm however takes into account typical constraints such as � ying at 1,000 �  steps 
at a constant speed. 

 � is article is organized as follows: the next section explains how the fuel burn and 
� ight costs are calculated, the e� ect of weather models, and how this information is used 
to compute the overall � ight cost. Section III gives the methodology followed to imple-
ment the PSO. Finally, the results and conclusions are presented and further evaluated 
in Section IV.  

  I  .      Fuel Burn and Weather Models 

  A  .      Flight Cost 
 Airlines compute � ight costs by not only taking into account fuel burn but also di� erent 
time-related costs such as the crew’s salary, aircra�  maintenance cycles, the cost of 
missing or arriving early or late to a given destination, and lost connections. A parameter 
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called the Cost Index is used to translate time-related costs in terms of fuel burn. � e 
� ight cost can be computed by using  Equation 1 .

Flight Cost Fuel Burn Cost Index Flight Time    = + ∗      Eq. (1)   

 where  Flight Time  corresponds to the time required to complete the � ight and  Fuel 
Burn  is the total fuel consumed to complete the � ight. � e  Cost Index  emphasizes either 
the � ight time or the fuel burn; if the airline must save fuel (and reduce emissions), the 
Cost Index  is set to values tending to 0, as  Flight Time  is not considered important. If the 
airline instead must arrive as early as possible to a given destination, the  Cost Index  is 
set at its highest value (typically 99 or 999); in this case, reducing  Fuel Burn  is 
not important.  

  B  .      Fuel Burn Model 
 � e fuel burn is computed using a point mass numerical performance model. � is model, 
created from � ight experimental data and arranged in the form of a database, is similar 
to the one used by some commercial Flight Management Systems. � is model consists 
of inputs that de� ne the � ight pro� le and outputs such as the fuel � ow, fuel burn, or/
and horizontal traveled distance. Since this article focuses on the cruise phase, only the 
information for the cruise and climb/descent in Mach are taken into account. � is model 
can be graphically represented in  Figure 1 , where CG stands for the Center of Gravity. 

  � e numerical performance model is arranged so that the inputs should be available 
to provide the required output. � e altitudes and the Mach numbers’ inputs will always 
be the exact values available in the numerical model (Mach number separated in 0.05 
steps and altitude separated in 1,000 �  steps). However, gross weight and temperature 
will normally not be the values available in the numerical performance model. � e 
reason is that the gross weight diminishes as fuel is burned, and the temperature is a 
completely random value dependent upon the weather. 

 Linear interpolations are required to compute the required outputs. � e interpola-
tion sequence and special considerations required to compute the � ight cost using a 
numerical performance model are detailed in [ 64 ].  

  C  .      Weather Forecast 
 Meteorological phenomena such as wind and temperature have an important in� uence 
on � ight cost. � e temperature a� ects engine performance, such as thrust, as higher 
temperatures tend to increase the fuel needed to generate the required thrust. � e 
temperature in� uences speed as higher temperatures increase the speed of sound for a 
given altitude. With the same thrust, the wind in� uences the aircra� ’s speed, since a 
headwind reduces the aircra� ’s speed and tailwinds increase its speed. For these reasons, 
a realistic and accurate model was selected: the forecast data provided by Weather Canada. 

    FIGURE 1       Numerical performance model.    
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 � is forecast consists of a 0.6 km × 0.6 km grid at di� erent pressures (altitudes). � e 
grid is provided in 3-hour blocks beginning at 0h up to 144h. Information such as 
temperature, wind speed, and wind direction are available at each grid point. As the 
aircra�  is rarely located at a grid’s vortex, at the exact time and pressure altitude, inter-
polations in time and pressure altitude and, � nally, bilinear interpolations in position 
are required to obtain the weather information at an exact point. � e interpolation 
concept is explained in  Figure 2 . 

  � e wind information is used to compute the Ground Speed ( GS ), in other words, 
the aircra� ’s speed relative to the ground, as indicated in  Equation 2 .

GS TAS WS WD= + ∗ −( )cos ϕ      Eq. (2)   

 where True Air Speed ( TAS ) in knots (kts) is the aircra� ’s speed relative to the 
atmosphere,  WS  is the wind speed in kts,  φ  is the aircra� ’s heading, and  WD  is the wind 
direction [ 65 ]. � is  GS  is used to compute the  Flight Time  needed in  Equation 1 .   

  II  .      Optimization Algorithm 

  A  .      Search Space 
 � is algorithm takes advantage of the  free-� ight  concept. Meaning that aircra�  is not 
entirely subject to the ATC; thus it can travel almost anywhere in the airspace. It as well 
assumes that there is no potential con� ict with other aircra� , and it can � y to any point 
within the airspace. � is means that there is an in� nite number of possibilities with 
which a reference trajectory may be created. Indeed a complex problem to solve. � e 
search space is modeled under the form of n unidirectional graph. � is is  G ( V ,  E ), where 
V  stands for the nodes where the aircra�  can � y and  E  stands for the links between the 
nodes. In the graph, every node is exclusively connected to its consecutive neighbors. 

 � e search space can be divided into two di� erent search spaces: the LNAV search 
space and the VNAV search space. � e 3D search space is their combination. � e search 
space for the LNAV and VNAV is explained next. 

  1  .     Search Space for the VNAV     � e vertical search space is located between the 
Top of Climb (ToC) and Top of Descent (ToD) and between the minimal and maximal 
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    FIGURE 2       Weather interpolation sequence.    
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altitudes. � e ToC is the waypoint where the aircra�  begins the 
cruise phase, and the ToD is the waypoint where the descent 
phase begins. However, this algorithm only focuses on the 
cruise-phase study and does not consider the descent phase. 
� e maximal and minimal altitudes are de� ned between 26,000 
�  and 41,000 � , typical cruise altitudes for commercial � ights. 
� e search space for the VNAV is de� ned in  Figure 3 . 

  Nodes for the ground track are de� ned for the initial 
altitude. � ese nodes are replicated at every 2,000 �  to comply 
with ATM separation rules (eastbound � ights travel at even 
altitudes and westbound � ights travel at odd altitudes [ 66 ]). � is 
node pattern is illustrated in  Figure 4 . 

  A change in altitude can take place only when the aircra�  
is at a node; therefore, the number of nodes selected to create 
the graph is very important because it has an impact on the 
algorithm’s performance. If for a given � ight, a high number of 
waypoints are placed, the search space will be more precise. However, more combina-
tions would be possible; this would greatly increase the computation time. As suggested 
in [ 64 ], 34 nodes (waypoints) are selected and further distributed to create the reference 
trajectory, since this number of 34 waypoints provides a good compromise between 
short computation time and a good search space resolution that allows a reasonable 
amount of space exploration.  

  2  .     LNAV Search Space     � e search space for the LNAV consists of the direction 
changes an aircra�  can execute during a � ight. � is search space is de� ned by two 
boundaries: the space between the ToC and the ToD, and the distance between the refer-
ence trajectory and the area to be covered. � e trajectory of reference could be the great 
circle, called also the geodesic (the shortest distance between any two points on a sphere), 
between the departure and arrival airport, a precomputed trajectory, or a trajectory 
from the as-� own historical � ight. � e separation between two waypoints can have a 
value between 7.5 and 15 degrees. � e search space for the LNAV is shown in  Figure 5 , 
where four di� erent trajectories are parallel to the reference trajectory and  α  is the angle 
between two consecutive waypoints. Note that the aircra�  can change headings to any 
consecutive node only when it is at a given node.   

  3  .     3D Search Space     � e combination of the VNAV and LNAV provides a graph 
de� ning the search space for the whole � ight, as shown in  Figure 6 .    

ToC ToD

Search space

Maximum altitude (ft)

Minimum altitude (ft)

Horizontal distance (nm)

    FIGURE 3       VNAV conceptual search space.    
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Ground track waypoints

ToC and ToD

Replicated waypoints

Ini�al al�tude

    FIGURE 4       Waypoints for the VNAV.    
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Al�tude

La�tude

Longitude

ToC

ToDs

    FIGURE 6       3D search space graph, a mix of the LNAV 
and VNAV.    
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  B  .      General PSO Algorithm 
 � e PSO algorithm simulates animal behavior, such as that of a � ock of birds and a 
school of � sh. It di� ers from other algorithms inspired by bio-organisms, such as ant or 
bee colonies, because these animal societies do not have a leader; instead, they utilize 
the intelligence of the whole community. In the PSO algorithm, there is a temporary 
leader and all of the community is in� uenced by this leader. 

 � e standard PSO algorithm operates through an iterative exploration of a given 
search space wherein three parameters can inf luence the current position of a 
given particle:

    1  .   � e position of the most economical particle among all the particles (called the 
global optimal )  

   2  .   � e position of the most promising trajectory in a cluster of trajectories (called 
the  local optimal )  

   3  .   � e displacement of each particle    

 During the optimization process, particles move through 
the search space as in� uenced by global and local  leaders . � e 
search is thus directed to the current most economical condi-
tions exploring the search space. � is behavior is expressed in 
 Equations 3  and  4 .

       
D k R D k c R B X k c R B X ki i l i g i+( ) = ( ) + − ( )( ) + − ( )( )1 1 1 2 2ω ω

    Eq. (3)  

X k X k D ki i i+( ) = ( ) + +( )1 1      Eq. (4)   

 where  i  is the  current  particle and  k  is the current iteration. 
D  is the computed displacement,  X  is the new particle’s location, 
B g  is the global optimal particle position (most economical 
particle), and  B l  is the best local particle position. Parameters 
c1  and  c2  are positive constants, which in� uence the particle’s 
displacements in reference to the global and local most-econom-
ical particles. � e parameter  ω  refers to the particle’s inertia, in 
other words, the particle’s tendency to maintain the same direc-
tion. To create an arbitrary in� uence in convergence to the 
optimal solution, there are three random parameters with values 

α edutitaL

Longitude

ToC ToD

    FIGURE 5       LNAV dimension.    
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between 0 and 1:  Rω ,  R1 , and  R2 . � e role of these  R  parameters is to determine the in� u-
ence of  ω ,  B l , and  B g , respectively, on the particle’s movement. 

 By computing  Equations 3  and  4  for a given number of iterations, the search space 
can be explored and the optimal solution found. However, considerations should be taken 
into account to adapt this algorithm to the reference trajectory optimization problem, 
as discussed next.  

  C  .      Consideration for the PSO Algorithm 
for the Reference Trajectory 
Optimization in 4D 

 For the purposes of the developed algorithm, a complete trajectory defines a particle. 
This complete trajectory is defined as a set of waypoints linking the ToC to the 
ToD. For example, a vector  WPT  contains  n  waypoints for a given trajectory, as 
shown in  Equation 5 .

WPT wpt wpt wpti i i
n= … 

1 2, , ,      Eq. (5)   

 where  WPT  contains the position, altitude, and speed for each waypoint de� ning 
the trajectory  i . When  Equations 3  and  4  are executed, the waypoints’ information is 
being modi� ed, as in� uenced by the local and global optimal solutions exploring the 
search space. However, displacements  D  could lead to positions  X  that are outside of the 
search space. For this reason, a� er a displacement at each iteration, the algorithm veri� es 
if the trajectory is within the search space. 

  1  .     VNAV Verifi cation     � e � rst veri� cation consists of ensuring that the resulting 
new position  X  contains altitudes that are exactly at 1,000 �  multiples. Altitudes that do 
not comply with this condition are identi� ed from vector  X  and are rounded to their 
closest 1,000 �  multiple values (e.g., 34,321 �  is rounded to 34,000 � ). 

 � e other set of veri� cations are related to disparities in the trajectory’s shape, 
consecutive altitude changes, and being outside of the search space. Some typical situ-
ations that require correction are shown in  Figure 7  and explained in the next paragraph. 
� en the corrected trajectory will have the shape shown in  Figure 8 . 

   For the � rst disparity (number 1 in  Figure 7 ), the trajectory tries to descend to 
altitudes outside the boundary limits: the algorithm will � x the waypoints at the 
minimum altitude available for the � ight to stay within the altitudes limits. 

 � e second disparity is the aircra�  descending to out-of-bounds altitudes. 

Step descent allowed = 1

1

4

2

3

    FIGURE 7       Typical VNAV discrepancies.    
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 � e third disparity occurs at two consecutive changes of altitude. Under normal 
circumstances, the aircra�  stays at a constant altitude for a certain time a� er a change 
of altitude. 

 � e aircra�  would make a step descent, followed by a climb at the next few 
waypoints. Moreover, the proposed step climb is only 1,000 � . � is disparity may 
be absurd and it would increase the ATC workload to obtain clearance for this proce-
dure. � e algorithm will also cancel this descent so the aircra�  maintains the same 
altitude as before. � e algorithm will cancel this change of altitude, thus the current 
altitude is kept. 

 Finally, at the fourth disparity, the aircra�  would attempt to reach an altitude 
higher than the maximum altitude: the algorithm would limit the altitude to that at 
the waypoint. 

 � e corrected trajectory takes the shape indicated in  Figure 8 .  

  2  .     LNAV Verifi cation     For the LNAV, the algorithm selects only three consecutive 
waypoints: the one just in front and the ones separated by plus/minus the deviation angle 
α . � is selection is shown in  Figure 9 , where waypoints 1 and 5 should not be selected. 

  Similar to the VNAV, the lateral waypoint selection may lead to incorrect waypoints 
being selected, and thus corrections are needed. Typical discrepancies for the LNAV are 
shown in  Figure 10 . 

  In the LNAV selection, the � rst discrepancy consists of a waypoint selection that is 
not one of the three closest consecutive waypoints. � e algorithm corrects by selecting 
the closest valid waypoint. 

 � e second type of discrepancy, shown by numbers 2 and 3, is the selection of a 
nonexistent waypoint located outside the boundaries. � e algorithm corrects this 
discrepancy by selecting the boundary waypoint. A� er � xing all of these discrepan-
cies, the valid trajectory takes the shape shown in  Figure 11 .   

  3  .     Managing the Di� erence between the Actual Flight Time and the 
RTA     � e optimization algorithm � rst computes an economical 3D trajectory (this 
trajectory may not ful� ll the RTA constraint), then it adjusts the Mach number over 
that 3D trajectory to ful� ll the RTA constraint. 

 However, when computing the optimal trajectory in 3D, the solution may deliver 
a trajectory that would not ful� ll the RTA constraint. An arti� cial value is therefore 
added to the real cost; this measure ensures that trajectories that are not likely to 
ful� ll the RTA constraint will be rejected. � e � ight cost is then computed with 
 Equation 6 . Note that this cost will not be re� ected in the � nal trajectory cost; 
instead, this cost is only used to reject trajectories. � e real � ight cost is still computed 
using  Equation 1 :

Artificial Flight Cost Fuel Burn Cost Index Flight Time Co     = + ∗ + sstRTA     Eq. (6)   

Current waypoint

1

2

3

4

5

α
α

    FIGURE 9       Consecutive 
waypoints selection.    
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    FIGURE 8       Vertical reference trajectories after corrections.    
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 where  Cost RTA  corresponds to the arti� cial cost of not arriving on time to the trajec-
tory. � is parameter is computed di� erently, depending on the circumstances. � ree 
main cases with di� erent circumstances are de� ned next:

    a  .   When the aircra�  ful� lls the RTA constraint  Cost RTA  equals 0.  
   b  .   When the aircra�  arrives slightly late/early to the destination,  Cost RTA  is 

computed using  Equation 7 

Cost Time CTCRTA = ∗∆      Eq. (7)   

 where ΔTime  is the di� erence between the  RTA  and the actual trajectory � ight time 
(in hours), and  CTC  is the Current Trajectory Cost. � is small cost will cause the algo-
rithm to favor trajectories with the � ight time closer to the  RTA  when two or more 
trajectories provide similar � ight costs.  

ToD

edutitaL

Longitude

ToC

1

2

3

    FIGURE 10       Typical LNAV discrepancies.    
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    FIGURE 11       LNAV after corrections.    
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   c  .    When the aircra�  is signi� cantly late/early,  Cost RTA  is computed 
using  Equation 8 

Cost CTC Time CTCRTA = ∗ + ∗1 1. ∆      Eq. (8)      

 Note that, as in  Equation 8 , when the aircra�  arrives signi� cantly 
late to the destination, 10% of the  CTC  is added to the time di� erence. 
� is high cost will cause the algorithm to reject that type of trajectory.   

  D  .      The Developed Optimization 
Algorithm 

 First, the proposed algorithm computes the 3D optimization trajectory 
without necessarily ful� lling the RTA constraint. Next, the algorithm 
will adjust the combination of Mach numbers de� ned for the 3D trajec-
tory to ful� ll the RTA constraint. 

 � e optimization algorithm operates by following the blocks indi-
cated in  Figure 12 . 

  In  Figure 12 , information such as the number of waypoints, the 
total graph size (search space), the reference waypoints de� nition, the 
number of clusters, trajectories per cluster, initial and � nal coordinates, 
and the RTA constraint are de� ned in the  Parameters  block. 

 � e  Graph Creation  block de� nes the waypoints and the connections 
between the waypoints that de� ne the search space. � e block  Generate 
random trajectories  generates the � rst set of trajectories and arbitrarily 
gathers them in di� erent clusters. � e  Best trajectories selection  block 
evaluates the � ight cost and the � ight time for each trajectory, identi� es 
the most economical trajectory for each cluster, and identi� es the most 
economical trajectory from each cluster. � e  PSO  block, explained next, 
� nds the most economical trajectory that ful� lls the RTA constraint. 
Finally, the  Results  block displays the � ight cost and the proposed trajectory. 

 � e PSO module is somewhat complex; its function is de� ned in 
the � owchart presented in  Figure 13 , each block of which is explained next. 

Initialization
 Parameters, such as the di� erent trajectories coordinates and alti-

tudes, are recovered. 
Random Vectors
 Vectors  R w ,  R1 , and  R2  are generated using a stochastic function. 

� ese vectors are generated for each displacement. 
Compute the Particle Displacements
 Displacements  D ( k  + 1) are computed using  Equation 3 . The 

displacement is computed for each dimension: altitude, speed, 
and heading. 

Position Update
 � e particle’s position  X ( k  + 1) is updated using  Equation 4 . In other 

words, the altitude, speed, and aircra�  position are updated to re� ect 
the previously computed displacements  D . 

Trajectory Veri� cation

Start Parameters Generate random
trajectories

Best trajectories 
selec�on

PSO
3D Results EndGraph

crea�on
PSO
RTA

    FIGURE 12       4D reference trajectory algorithm fl owchart.    
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    FIGURE 13       PSO implementation in 4D 
reference trajectory.    
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 � e trajectory is veri� ed and, if required, modi� ed to avoid its 
discrepancy, as explained in Section II.c.1 and Section II.c.2. 

Trajectory Cost Computation
 � e cost of the new trajectory is computed using  Equation 6 ; this 

means that the arti� cial cost is taken into account to deliver a 3D refer-
ence trajectory close to the required RTA, as discussed in Section II.c.3. 

Current Optimal Selection
 � e new local best and new global best are identi� ed. If the current 

local best within a given cluster is more expensive than any of the newly 
generated trajectories, then the most economical trajectory becomes the 
new local best. If any of the local best trajectories are more economical 
than the current global best, then the most-economical trajectory becomes 
the global best. If the total number of iterations is reached, the algorithm 
ends; otherwise, the algorithm returns to the  Initialization  block. 

Trajectory Option Set (TOS)
 Because the algorithm is using each cluster’s local optimal to in� u-

ence the global optimal, the local optimal, which are suboptimal, are still 
good solutions. � ese local solutions are extracted from the algorithm 
and are presented as the TOS, which can be used if the optimal trajectory 
can no longer be  followed due to traffic or a sudden change of 
ATM constraints. 

PSO for RTA Ful� llment
 In this last block of  Figure 13 , the algorithm modi� es the Mach 

numbers in the precomputed 3D trajectory. � is block is where the PSO 
is executed to determine the Mach number that will ful� ll the RTA 
constraint. In other words, the algorithm computes the Mach number 
combination that reduces the � ight cost while ful� lling the RTA constraint. 
� is last block takes the form shown in  Figure 14 . � e displacements and 
the particle’s position only change in terms of Mach number (speed). A 
unique trajectory is being modi� ed by utilizing only one parameter 
(Mach number). 

  � e output of this block is an economical 4D reference trajectory that 
complies with the given RTA constraint.   

  III  .      Results 
 � ree di� erent types of tests were performed to validate the PSO algorithm’s ability to 
propose economic 4D � ight reference trajectories for a commercial aircra� . � e aircra�  
selected for these � ight tests is a two-engine long-haul European aircra�  with a ceiling 
altitude of 41,000 � , Mach number range from 0.6 to 0.82, � ight range of around 5,000 
nm, a maximal takeo�  weight of around 160 tons, and a carrying capacity of approxi-
mately 220 passengers. 

 � e three di� erent types of tests were designed to evaluate the algorithm’s saving 
capacity utilizing three di� erent types of trajectories, the lateral, the vertical, and the 
3D. Firstly, the VNAV and the LNAV contributions to the 3D � ight optimization were 
evaluated. Secondly, the 3D trajectories costs were compared to that of 
the 4D optimized trajectory to evaluate the di� erence, if any, between 
3D and 4D optimized trajectories. � irdly, the � ight calculated by the 
algorithm was evaluated against an  as-� own � ight  obtained from open-
source data provided by  � ightaware ®  . 

 However, as the aircra� ’s gross weight is not provided, a gross weight 
of 125 tons was used for all tests, as it is a  normal  gross weight at the ToC 
for this type of commercial aircra� . A Cost Index of 50 was used for all 
� ights. � is Cost Index was used as it is the Cost Index used by a European 
airliner using this same aircra� . � e weather was taken into account for 
all � ights. � e PSO parameters for all of these tests are shown in  Table 1 .   

Start 4D PSOStart 4D PSO

Compute displacement DCompute displacement D

End 4D PSOEnd 4D PSO

Random vectors generationRandom vectors generation

InitializationInitialization

peed verififf cationSpeed verification

Update particle position XUpdate particle position X

In terms of Mach

number only

Traja ectoryrr Cost

and Flight Time

Trajectory Cost

and Flight Time

Select most economical

traja ectoryrr fuff llfiff ling the RTA

Select most economical

trajectory fullfiling the RTA

Last iteration?Last iteration?

F
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    FIGURE 14       Algorithm fl owchart for the 
selection of Mach numbers that fulfi ll the 
RTA constraint.    
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  TABLE 1      PSO parameters.   

Parameter Value
Number of clusters 5

Trajectories per cluster 25

Total iterations 100

Possible step climbs Unlimited

Possible descents 1
© Alejandro Murrieta-Mendoza, Hugo Ruiz, 
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   A  .      Vertical, Lateral, and 3D Optimization 
 � e set of tests in this section serves two di� erent objectives:

    1  .   To validate that the algorithm can optimize in any dimension (lateral, vertical, 
and 3D).  

   2  .   To observe that the optimized trajectories values are within the range of their 
normal optimized values.    

 For testing purposes, the fuel consumption was calculated for four di� erent � ights: 
Montreal (YUL)-Paris (CDG) on a distance of about 2,970 nm, Toronto (YYZ)-London 
(LDH) with a distance of 3,080 nm, Montreal (YUL)-Vienna (VNN) on a distance of 3,300 
nm, and Vancouver (YVR)-Gran Canaria (LPA) on a distance of 4,770 nm. � e fuel 
consumption for a Cost Index of 50 was evaluated ( Figure 15 ) for the LNAV, the VNAV, 
and the simultaneous combination of both the LNAV and the VNAV, or the 3D trajectory. 
� e LNAV allows a change of heading at a constant altitude, the VNAV allows only a 
change of altitude following the geodesic ground-� xed trajectory, and the 3D trajectory 
allows both: a change of heading and a change of altitude. � e reference trajectory was 
taken at a � xed altitude following the geodesic trajectory at a � xed altitude of 32,000 � . 

  As expected, di� erent types of trajectories provided di� erent optimized fuel 
consumption values. � e LNAV provided very little optimization opportunities. � is 
result was expected as an aircra�  depends mostly on winds to reduce fuel burn. � e 
VNAV optimization contributes much more to the fuel consumption optimization 
because changing altitudes brought an aircra�  to those conditions where temperature 
(and probably the wind directions) contributes most to the aircra�  operation. Finally, 
the 3D optimization provided the highest savings; the total 3D optimized trajectories 
savings is roughly the sum of the lateral and the vertical optimized trajectory savings. 

 � ese results serve to validate that the solutions provided by the PSO reference 
trajectory algorithm are logical and in agreement with previous work discussed in the 
literature [ 30 ,  41 ,  54 ].  

  B  .      4D Optimization for Simple Trajectories 
 � e PSO algorithm provides an economical 3D reference trajectory from which the 
Mach numbers along the trajectory are adjusted to reach a given RTA constraint, creating 

LNAV

VNAV

3D

0.39% 0.43% 0.38%

1.00%

6.54% 6.63%

7.43%

8.89%

6.67%
7.01%

7.72%

9.10%

0.00%

1.00%

2.00%

3.00%

4.00%

5.00%

6.00%

7.00%

8.00%

9.00%

10.00%

YUL - CDG YYZ - LDH YUL - VNN YVR - LPA

    FIGURE 15       Fuel consumption optimization for four di� erent fl ights with three di� erent 
types of trajectories.    
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a 4D trajectory. � e 3D � ights are the same as those utilized in the previous subsection 
and shown in  Figure 15 . � e only di� erence is that the set of Mach numbers was modi� ed 
to comply with the RTA constraint (4D trajectory). � e fuel consumption savings 
percentages of the 3D and 4D trajectories are shown in  Figure 16 . 

  As shown in  Figure 16 , the 4D trajectory optimization slightly reduced the fuel 
savings achieved by 3D optimization. � is reduction was due to the less-e�  cient speeds 
selected to ful� ll the RTA constraint in 4D optimization, while the 3D reference trajec-
tory optimization algorithm always selected the most economical set of Mach numbers. 
However, these results con� rm that only a small  loss of optimization  occurred because 
of the aim to achieve the required RTA. 

  Table 2  shows the Estimated Time of Arrival (ETA) for the delivered 3D and 4D 
trajectories and their comparison to the RTA.   

  � e � ight time results in  Table 2  show that the ETA for the 4D reference trajectory 
(column 7) was always within the imposed tolerance limits (column 3). � e ETA for the 
3D reference trajectory was consistently further from the required ETA; however, it was 
observed that the maximum di� erence was around 30 seconds because the algorithm 
proposed 3D trajectories that were not far from the RTA due to the arti� cial � ight cost 
explained in Section III.C.3. � is arti� cial � ight cost allowed the algorithm to select 
near-RTA ful� llment trajectories.  

6.67%
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7.72%

9.10%

6.42%
6.93%

7.42%

9.05%

0.00%

1.00%

2.00%

3.00%

4.00%

5.00%

6.00%

7.00%

8.00%

9.00%

10.00%

YUL - CDG YYZ - LDH YUL - VNN YVR - LPA
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4D

    FIGURE 16       Fuel consumption comparison between the 3D and 4D optimized 
trajectories by varying the Mach number.    
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  TABLE 2      RTA fulfi llment for the 4D reference trajectory.   

Flight RTA
Tolerance 
(s) ETA 3D

Di� erence 
3D ETA (s) ETA 4D

Di� erence 
4D ETA (s)

YUL-CDG 16h50m42s 30 16h51m52s 69 16h50m18s 24

YYZ-LDH 17h03m32s 30 17h04m20s 48 17h03m06s 25

YUL-VNN 17h42m24s 30 17h41m20s 63 17h41m56s 27

YVR-LPA 20h40m56s 30 20h42m06s 69 20h41m06s 9
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  C  .      Real Flight Reference Trajectory 
Optimization 

 � is set of tests was designed to evaluate the PSO � ight optimization against  as-� own
trajectories obtained from � ightaware ® . � ese trajectories were � own with the same 
aircra�  as the one used earlier in this article (detailed at the beginning of this section). 
� e � ight information for three long-haul � ights: Calgary (YYC) to Cancun (CUN), 
Edmonton (YEG) to Punta Cana (PUJ), and YYC to Varadero (VRA), is shown in  Table 3 . 
� e selected RTA that the algorithm had to ful� ll was the reported time of arrival for 
the selected as � own � ights. � is RTA had a 30-second tolerance.   

  As it can be observed in  Table 3 , the algorithm was able to reduce the fuel burn and 
meet the RTA constraint within the imposed 30-second limit. � is performance was 
possible because the algorithm could give better altitudes and take advantage of winds. 
� e LNAV and the VNAV proposed by the 4D reference trajectory algorithm were 
compared to the as-� own trajectory for one � ight in  Figures 17  and  18 , respectively. � e 
optimal trajectory is represented in orange, and the  as-� own  trajectory is shown in blue. 

  TABLE 3      4D trajectory optimization RTA fulfi llment.   

Flight

Real 
fl ight fuel 
burn (kg)

Optimized 
fl ight (kg)

Di� erence 
(kg) RTA 4D ETA

Di� erence 
(s)

YYC-CUN 29,123 28,719 404 (1.39%) 22h07m46s 22h07m56s 10

YEG-PUJ 42,170 41,594 576 (1.37%) 19h44m48s 19h44m33s 15

YYC-VRA 33,458 32,849 609 (1.82%) 15h40m54s 15h40m31s 23

YYZ-DUB 25,296 24,422 873 (3.45%) 10h46m40s 10h46m12s -28

BRU-YUL 24,382 23,810 572 (2.34%) 19h50m24s. 19h51m00s 24

GLA-YYZ 23,870 23,296 574 (2.4%) 19h45m00s 19h45m12s 12

YYZ-CDG 25,493 24,788 705 (2.7%) 20h09m00s 20h08m57s 3 ©
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    FIGURE 17       LNAV and the search space limit for the Calgary-to-Punta Cana fl ight.    
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   As shown in  Figure 17 , the optimal lateral trajectory diverges slightly from the 
reference trajectory, in this case, due to favorable winds. � e VNAV is quite similar to 
the real � ight trajectory as shown in  Figure 18 , with the main di� erence that the devel-
oped algorithm proposed beginning the cruise phase at 32,000 �  instead of 34,000 � . 
� e vertical trajectory delivered by the PSO algorithm proposed three 2,000 �  step 
climbs, and the  as-� own  algorithm executed only two step climbs: one 2,000 �  step climb 
and one 4,000 �  step climb. Both � ights ended at the same altitude (40,000 � ). � ese 
small di� erences provided the fuel savings reported in the last column of  Table 3 .  

  D  .      Flight Optimization and TOS 
 � is set of tests aims to evaluate the trajectories alternatives proposed by the PSO algo-
rithm. As explained in Section II.B, the PSO algorithm gathers the solutions in di� erent 
groups, each group has a leader (local optimal). By extracting these local optimal, a set 
of alternative trajectories could be provided.  Figure 19  shows the lateral reference alter-
native trajectories to be followed (the local optimal), and  Figure 20  shows the vertical 
reference alternative trajectories to be followed for the intercontinental � ight between 
DUB and YYZ in  Table 3 .  Figure 19  shows how the local trajectories tend to follow 
waypoints in the north of the search space. It can also be seen that the optimal trajectory, 
as well as the set of alternative trajectories, are close to each other.  Figure 20  shows that 
most of the trajectories (including the as-� own trajectory) end at 38,000 � ., except for 
one that ends at 36,000 � . All trajectories execute step climbs. It should be noted that 
Local Trajectory 3 is also the global optimal. 

    Figure 21  shows the fuel burn between all trajectories. 
  � e last bar is the optimal trajectory and it is taken as a reference. It can be seen 

that the worst option trajectory is only 0.38% more expensive than the optimal trajec-
tory. However, it was found that not all alternatives that ful� ll the RTA show wind 
di� erences as high as 65 seconds from the RTA goal.   

  IV  .      Conclusion 
 A 4D reference trajectory optimization algorithm was developed using a numerical 
performance model and taking into account weather parameters such as winds and 
temperatures. Linear interpolations were required to obtain the desired values from the 
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    FIGURE 18       VNAV and the search space limits for the Calgary-to-Punta Cana fl ight.    
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numerical performance model. Linear and bilinear interpolations were also executed 
to obtain the weather parameters at the aircra� ’s position. 

 � e search space was modeled under the form of a graph to allow a � nite number 
of solutions. � e PSO algorithm was used to � nd the most-economical combinations of 
waypoints while ful� lling the RTA constraint. A trajectory veri� cation was performed 
to obtain conventional trajectories such as � xed altitude segments and to keep the trajec-
tory within the search space. 

 � e � rst set of results compared the PSO savings’ capabilities to those of simple 
trajectories. � e results for the LNAV, VNAV, and 3D reference trajectory showed that 
the order of optimization for each of the beforehand dimensions agreed with the results 
shown in the literature. � e � rst conclusion is that the algorithm provides logical and 
good results. 

 � e second set of results showed that the as-delivered 3D trajectories were able to 
ful� ll the RTA constraint (4D) a� er a Mach number modi� cation. � ese results led to 
a second conclusion that the arti� cial cost added to reject 3D trajectories far from the 
imposed constraint is able to e�  ciently favor valid trajectories, as well as a third conclu-
sion that the algorithm was able to modify the Mach number to ful� ll the RTA constraint 
within the imposed tolerance. 

 � e PSO reference trajectory results were compared with the results of as-� own 
� ights obtained from  � ightaware®  . For the three analyzed � ights, the algorithm was 
able to provide slight changes to the  as-� own  trajectory and to deliver � ights that 
reduced fuel consumption while arriving very close to the same time as the real 
� ights. � is result supports the last conclusion that the algorithm is able to deliver 
trajectories that are more economical than as-f lown trajectories under the 
provided conditions. 

 The last set of results showed that the algorithm, by its nature of working with 
different particle leaders that are inf luencing the optimization, provides a TOS. 
In this set, suboptimal trajectories are obtained, which are still close to the 
optimal ones. 

 For future work, it would be desirable to evaluate this algorithm by taking into 
account the descent phase, as well as to evaluate this algorithm in the presence of tra�  c 
and obstacles. Another improvement opportunity is to improve the RTA for the trajec-
tories options set. Finally, it will be desirable that the algorithm should be able to solve 
as well potential con� icts with another aircra�  and take operational indices such as 
safety and workload to evaluate its use in a real ATM environment.      
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    FIGURE 21       TOS cost di� erence.    
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